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Abstract 

Quaternion Kahler manifolds are known to be the target spaces for matter hy- 
permultiplets coupled to A/" = 2 supergravity. It is also known that there is a one- 
to-one correspondence between 4n-dimensional quaternion Kahler manifolds and 
those 4(n -|- l)-dimensional hyperkahler spaces which are the target spaces for rigid 
superconformal hypermultiplets (such spaces are called hyperkahler cones). In this 
paper we present a projective-superspace construction to generate a hyperkahler 
cone of dimension 4(n -|- 1) from a 2n-dimensional real analytic Kahler- 

Hodge manifold The latter emerges as a maximal Kahler submanifold of the 

4n-dimensional quaternion Kahler space Mq^ such that its Swann bundle coincides 

with Al^"'^^'' . Our approach should be useful for the explicit construction of new 
quaternion Kahler metrics. The results obtained are also of interest, e.g., in the 
context of supergravity reduction 7V=2— >A/'=1, or alternatively from the point 
of view of embedding J\f = 1 matter-coupled supergravity into an TV = 2 theory. 



^kuzenko@cyllene. uwa .edu.au 
^ ulf. lindstrom@fysast .uu.se 
•^ungeQphysics . muni . cz 



Contents 



1 Introduction [l| 

2 The sigma model and its geometric properties 

3 Superconformal invariance and the auxiliary field equations Q 

3.1 Superconformal invariance [s] 

3.2 Quadratic Kahler potential [lo| 

3.3 Modified geodesic equation [13I 

3.4 Leading contributions to the hypermultiplet Lagrangian Q 



4 Complex projective space 

5 Discussion 

A N = 2 superconformal transformations and their realization in N = 1 
superspace 

B Supersymmetric sigma models on tangent bundles of Hermitian sym- 
metric spaces 



15 



20 



23 



25 



1 Introduction 

Many years ago, Bagger and Witten [1] demonstrated that the scalar fields of matter 
hypermultiplets coupled to 4D M = 2 supergravity take their values in a 4nH- dimensional 
quaternion Kahler manifold A^^", unlike the rigid supersymmetric case where the hyper- 
multiplet target spaces are hyperkahler [2]. It was also pointed out in [1] that the problem 
of reduction from A/" = 2 to A/" = 1 supergravity is nontrivial. For such a reduction, it 
is not sufficient to simply switch off one of the two gravitinos as well as the gravipho- 
ton. In addition, it is also necessary to restrict the scalar fields to lie in a 2nH-dimensional 
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Kahler-Hodgqll submanifold A^^" of the 4?T,H-dimensional quaternion Kahler space Ai^^. 
Provided a required Kahler-Hodge submanifold A^^" of A^g""" exists and is constructed 
explicitly, the supergravity reduction Af = 2 ^ Af = I has been worked out by Andria- 
nopoh, D'Auria and Ferrara [5], building in part on the mathematical results of [6J. On 
the other hand, if one is interested in embedding Af = 1 matter-coupled supergravity 
into an A/" = 2 theory, one has to ask two different questions that can be formulated as 
follows. First, given a 2nH-dimensional Kahler-Hodge manifold Al^^, does there exist 
a quaternion Kahler manifold Al^^ such that Al^"" is its submanifold? Second, if the 
answer to the first question is "Yes," can one develop a regular procedure to generate 
AA'^^ starting from Ai^"? In this paper, we will argue that a natural formalism to 
address these questions is the concept of rigid projective superspace [Tj (Sj (see also [9] for 
a review) and its extension to the case of supergravity with eight supercharges elaborated 
in ^mi- 

It is known that the study of quaternion Kahler manifolds is related to that of hy- 
perkahler spaces with special properties. More precisely, there exists a one-to-one corre- 
spondence [l2] (see also [13]) between 4n-dimensional quaternion Kahler manifolds and 
4(n+l)-dimensional hyperkahler spaces possessing a homothetic Killing vector, and hence 
an isometric action of SU(2) rotating the complex structures. Such hyperkahler spaces, 
known in the mathematics literature as "Swann spaces" and often referred to as "hy- 
perkahler cones" in the physics literature, are the target spaces for rigid Af = 2 supercon- 
formal sigma models p3l[T5]. The above correspondence is natural from the point of view 
of the Af = 2 superconformal tensor calculus ^L6\ , or more generally within the harmonic- 
superspace [T71 [18] and the projective-superspace |TT] approaches to four- dimensional 
Af = 2 matter-coupled supergravity. In the context of A/" = 2 supersymmetric sigma 
models, the quaternion Kahler manifold AJq"'" associated to a 4(n -|- l)-dimensional hy- 
perkahler cone is obtained by applying the procedure elaborated in some detail 
in [15] and later on applied in many publications, see, e.g., [191 [20] fo^' incomplete list. 

In the present paper, we concentrate on deriving new hyperkahler cones with interest- 
ing geometric properties. We give a new method for finding hyperkahler cones and thus 
quaternion Kahler manifolds, and also demonstrate the surprising existence of a maximal 
Kahler submanifold AA^^^ of the quaternion Kahler manifold AA'^^ . 

In the curved projective-superspace setting, general hypermultiplet matter couplings 
to A/" = 2 supergravity were presented in [TT] and [21]. The two families of locally 
supersymmetric sigma models introduced in [TT] and [2T] are dual to each other. They 



^This type of geometry corresponds to nonlinear couplings in JV = 1 supergravity [31 H]. 
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involve the same matter hypermultiplets, which are described in terms of tt-h covariant 
weight-zero arctic multiplets and their smile-conjugateJ^T^, but differ in their (second) 
conformal compensators usedjfl In the case of the model of [H], the compensators are a 
covariant weight-one arctic multiplet S and its smile-conjugate S. The compensator in 
the model of |2I| is a covariant tensor multiplet H. In both models, the matter M = 2 
superfields and take their values in a Kahler manifold M."^^^ with the Kahler 
potential K[<^^ , Our goal in this paper is to study rigid super conformal versions of the 
models in [HI [21] which are obtained by retaining intact the compensator(s) but replacing 
the supergravity covariant derivatives Va = (T>a,'Dl^,Vf) with those corresponding to a 
conformally flat superspace. Technically the rigid superconfomal version of the sigma 
model in [21] is simpler to deal with, for the tensor compensator H is shortei0 than the 
arctic one, S. That is why we will concentrate on the study of this model. Some aspects of 
the superconformal sigma model derived from [11] were studied in [25] where that model 
was first introduced. 

This paper is organized as follows. In section 2 we introduce the off-shell Af = 2 
superconformal sigma model to be studied and discuss its geometric aspects. The main 
thrust of section 3 is to argue that the off-shell Af = 2 superconformal symmetry of the 
model can be used to convert the infinite set of algebraic auxiliary field equations into a 
single second-order differential equation under given initial conditions, which is a defor- 
mation of the geodesic equation, with the complex coordinate for CP^ being the evolution 
parameter. In section 4 we explicitly eliminate the auxiliary superfields and derive the 
hypermultilet Lagrangian in terms of the physical superfields, in the case when A^^^ is 
chosen to be CP"'^. Section 5 is devoted to the discussion of the results obtained. Two 
technical appendices are also included. In Appendix A we list the M = 2 superconformal 
transformations of several off-shell supermultiplets and their relization in Ai^ = 1 super- 
space. Appendix B contains a few results concerning the M = 2 supersymmetric sigma 
models on (co)tangent bundles of Hermitian symmetric spaces. 

^An arctic multiplet T and its smile-conjugate T form a polar multiplet, according to the terminology 
introduced in [22] , 

■^As discussed in [21], the sigma- model couplings of [11] and [21] are J\f = 2 analogues of the well- 
known matter couplings in the old minimal and the new minimal formulations for Af — 1 supergravity, 
see [23l |24] for reviews. 

''When realized in terms of = 1 superfields, the arctic multiplet ^Sj includes two physical superfields 
(one chiral and one complex linear) and an infinite number of auxiliary superfields, see section 2 for more 
detail. On the contrary, the tensor multiplet consists of two physical superfields only. 
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2 The sigma model and its geometric properties 



In this paper we are interested in a rigid superconformal version of the four- dimensional 
M = 2 locally supersymmetric model proposed in [21]. This theory is formulated in TV = 2 
projective superspace [8], and therefore its action can naturally be written either in terms 
of A/" = 2 projective superfields or in terms of the associated M = 1 superfields. We 
will use both realizations in different parts of this paper, and the latter will be used to 
formulate the action. It consists of two terms, 

5[i7(C),T(C)] = «:^T + ^H, (2.1) 
where k is a constant parameter, and 

S^ = -(f^ f d^xd^OHlYiH , (2.2) 



2vriC 

Sn = I d^xd^eHK{T',f') , (2.3) 

with some closed integration contours in the (-plane. Here H{() is an 0{2) multiplet [7j 
(or A/" = 2 tensor multiplet [26] ) 

H(C) = ^^ + G-(^ , 5.<^ = 0, D^G = 0, G = G, (2.4) 
T^{() a set of arctic hypermultiplets [8J, J = 1, . . . , nn, 

oo 

T'(C) = $^C"T^ = $' + CS^ + o(a , 5-$' = 0, D'i: = 0, (2.5) 

n=0 

and T^(C) their smile-conjugates 

oo 

^'(C) = E(-0-'^Ti . (2.6) 

n=0 

The Af = 1 superfields T^, Tg, . . . , are complex unconstrained. Since these appear 
in the action without derivatives, they are purely auxiliary degrees of freedom. The 
hypermultiplet action involves the Kahler potential, i^'($^, $"'), of a real-analytic 
Kahler manifold M. = A^^*^ of complex dimension nn- 

The action St is the J\f = 2 projective-superspace formulation [7] of the Af = 2 
improved tensor multiplet model [27]. Its realization in terms of A/" = 1 superfields was 
first developed in [28] : 



St = j d^x d^9 Lt{G, if, (^) , Lt(G, <^) = H - G In (G + H) 



(2.7) 
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where 



M■=^/G^T^. (2.8) 
The combination G + H naturally originates, e.g., as follows: 

,(04,G.e)(i-c^)(i.i^). (2.) 

The theory with action (12. ip is A/" = 2 superconformal provided H{() transforms as 
a A/" = 2 superconformal tensor multiplet and as a superconformal weight-zero arctic 
multiplet . The corresponding transformation laws are given below in eqs. (13. Sal) and 
( I3.5b[) respectively. 

As discussed in [21], the theory ( 12. ip possesses a dual formulation obtained by dualizing 
the tensor multiplet H{() into an arctic multiplet S(^) and its conjugate following the 
procedure given, e.g., in [22]. The resulting hypermultiplet sigma model [25] 

5d.ai[S(C),T(C)] = «:y"^ I d'xd'dEEexp[^K{T,f)} (2.10) 

is A^ = 2 superconformal provided S transforms as the superconformal weight-one arctic 
multiplet, see Appendix |A] for the corresponding transformation law. The above theory 
is the rigid superconformal limit of the locally supersymmetric sigma model proposed in 
|11] . On the other hand, the theory with action (12.11) is the rigid superconformal version 
of the locally supersymmetric sigma model proposed in |21j . 

As pointed out in [21] , the theory (12. ip is a natural extension of the J\f = 1 supercon- 
formal sigma model: 

S[G,<I>] = -1^1 d^xd^9G\nG + J d^x d^^ G A'($^ $^") . (2.11) 

Here the first term is proportional to the action for the JV = 1 improved tensor multiplet 
[29]. The dual version of (12. lip is 

^duai[x,*] = fc j d^xd^^xxexp|ii^($,<l)} , (2.12) 

with X a chiral scalar superfield. As is known, the action S'duaifx^ ^] is obtained from that 
describing chiral matter in A/" = 1 supergravity (see, e.g., [221 Elj for reviews) by switching 
off the (axial) vector gravitational superfield and keeping intact the chiral compensator x 
and its conjugate. Clearly, the superconformal sigma model (I2.10p is an A/" = 2 extension 
of (12I2D. 
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The extended superconformal sigma model fl2.ip inherits all the geometric features of 
its AT = 1 predecessor (12.111) . The Kahler invariance of the latter, 



K{<^,<^) — > fs:($,$) + F($) + F($) (2.13) 

turns into 

K{T,f) — > K{T,f) + F{T) + F{f) (2.14) 
for the model (12.11) . where we have used the identity 

y"d^xd^^ifF(T) = , (2.15) 

for any holomorphic function F{^). A holomorphic reparametrization of the Kahler 
manifold Ai, 

$^ /^($) , (2.16) 

has the following counterpart 

T'(C) ^ /'(T(C)) (2.17) 
in the J\f = 2 case. Therefore, the physical A/" = 1 superfields of the M = 2 arctic multiplet 

T^(C) = , ^^^y^ = , (2.18) 



C=o dC 



C=o 



should be regarded, respectively, as coordinates of a point in the Kahler manifold and a 
tangent vector at the same point. Thus the variables ($^, E"^) parametrize the holomor- 
phic tangent bundle TM. of the Kahler manifold M.. This interpretation of the physical 
variables of the hypermultiplet theory (12. 3p coincides with that proposed in [30] for the 
non- superconformal sigma model 

^[T(C)] = j d^xd^^K(T^t^") . (2.19) 

which is obtained from (12. ip by "freezing" the tensor multiplet, that is by replacing H{C) 
with its ^-independent expectation value {H) = const. 

Suppose that in the action (12.30 we have eliminated all the auxiliary superfields con- 
tained in T and T with the aid of the corresponding algebraic equations of motion 

'4ch'-^ ^ 1'4c-h'-^ ^0. n>2 (2.20) 



6 



Let T^{() = T^,(C; $, $, S, S) denote their unique solution subject to the initial conditions 

(EUD 

T,(0) = $ , t,(0) = E . (2.21) 

The action (12.11) then turns into 

S[G, ^, S] := S[HiC), T,(C)] = J d'x d'eiiC cp, if, $, <!>, S, E) , 
Lie if, if, $, E, S) = Lt(G, <^) + Lh(G, yp, $, $, S, S) . (2.22) 

Here the tensor multiplet Lagrangian is given by eq. (12. 7p . In accordance with the 
generalized Legendre transform procedure [8], we should dualize the real linear superfield 
G into a chiral scalar x and its conjugate and further dualize the complex linear tangent 
variables and their conjugates into chiral one- forms and their conjugates 
D-Y = D-"^ r = 0. This results in 

^, $, s] ^ s[x,^,<i>,^] = j d'x d'e n (x, x, v^, <^>', ^ j) • (2.23) 

We thus have the following striking situation: The target space of this sigma model is 
a hyperkahler manifold, HKC*^"'^^^\Ai), of real dimension Anu + 4. Since the sigma 
model is A/" = 2 superconformal, H KC^^'^^^^\Ai) is a hyperkahler cone in the sense of 
[H [15]. The Lagrangian H in (12:231) is the hyperkahler potential for HKC'^^''^+^\M). 
Note that the variables ($^, \E'j) parametrize the holomorphic cotangent bundle T*A4 
of the Kahler manifold A4 = A^^^. As mentioned in the introduction, there exists a 
one-to-one correspondence between 4n-dimensional quaternion Kahler spaces (QK) and 
4(n + l)-dimensional hyperkahler cones (HKC) [11,113]. In our case HKC'^'^'^»+^\M) < — > 
QK*'^»{M). The Kahler manifold A/l^« is embedded into QK^''»{M). 



3 Superconformal invariance and the auxiliary field 
equations 

When dealing with the M = 2 off-shell superconformal sigma-model (12.11) . the main 
technical challenge is to explicitly eliminate the auxiliary superfields Tg, T|, . . . , by means 
of solving the corresponding equations of motion (12.20p . This section is devoted to a 
general analysis of the problem. 
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3.1 Superconformal invariance 



Both actions fl2.2p and fl2.3p are Af = 2 superconformal. To write down the super- 
conformal transformations of H{Q, T{Q and T(C), it is useful to lift these multiplets to 
J\f = 2 superspace M"^'^ parametrized by coordinates z"^ = {x"" , 9'^ , 9V} , where i = 1,2- In 
the Af = 2 setting, each of H{(), T{() and T(C) is a projective multiplet. In general, with 
respect to the Af = 2 Poincare supersymmetry, a projective multiplet Q{C) is determined 
by the two conditions [8]: 

(i) it is characterized by two fixed integers p, q (of which p may be equal to — oo and q to 
+00) such that 

q 

Q(z,C) = 5^Qn(^)C; (3.1) 
p 

(ii) it is subject to the constraints 

D^iOQiO = D^iOQiO = , (3.2) 

where 

D.iC) := CD.^ , := CD- . , C := (1, C) , (3.3) 

where Da = {da, Dl^, D°') are the Af = 2 flat covariant derivatives. With respect to the 
Af = 2 superconformal group, the admissible transformation laws prove to depend on the 
parameters p and q in (13. ip as shown in |25j . 

The following remark is needed here. It follows from the constraints (13. 2p that the 
dependence of Q{x, 9i, 9^, Q on the Grassmann variables 92 and 9^ is uniquely determined 
in terms of its dependence on 9f = 9" and 9h = 9^. In other words, the projective 
superfields depend effectively on half the Grassmann variables which can be chosen to be 
the spinor coordinates of A/" = 1 superspace. In other words, no information is lost if we 
replace Q{C) by its A/" = 1 projection (5(C) | defined as 

U\ = U{x,9^,9') _ , (3.4) 
6i2=e2=o 

for any Af = 2 superfield U {x, 9i, 9^). 

The actions (12. 2p and (12. 3p are invariant under the following Af = 2 superconformal 
transformations of H, T and T [25] : 

C 5if = - + A++(C) 5c) iCH) - 2 S(C) , (3.5a) 
= -(^^ + A++(C)5c)t^ 6¥ = -(^^ + X++{C)d^^¥ . (3.5b) 
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Here ^ is a A/" = 2 superconformal Killing vector, 

e = e = ^^{z)Da = ci^) da + er(^) + el(^) of , (3.6) 

with the master property 

A"* = Df(e^) = 0, (3.7) 

for any chiral superfield The superconformal parameters A"''+(C) and appearing 
in fl3.5ap and fl3.5bl) have the form 

X++{() = =X^C^ -2X^C + X^ , E{C) = -X^C + X^ + a + a (3.8) 

in terms of the descendants a and A*-' of ^ defined as 

^ = \DfC^ , 5fa = 
A/ = ^ - , A^^- = A^-^ , A^ = A,, . (3.9) 

It should be remarked that these descendants originate as follows 

, = -{D^^i^)D^p = u;jDl -oD^- A/ Df^^ = , (3.10) 

where 

u^f, = -I DlJp), , Dfu^^ = 0. (3.11) 

See Refs. [311 ESI [25] for more detail about superconformal transformations in A/" = 2 
superspace. 

The superconformal transformation of H{(), eq. fl3.5ap . proves to be uniquely deter- 
mined by the constraints obeyed by this multiplet, Da{()H{() = D^{()H{() = 0, and by 
its explicit dependence of ( given by (12.41) . Eq. fl3.5bp means that T^(^) is a weight-zero 
arctic multiplet. The superconformal transformations of the weight-n arctic and antarctic 
multiplets are given by eqs. (1A.2I) and (\A.3\i respectively. 

Consider the model fl2.10p dual to (12. ip . As discussed in section 2, it is A^ = 2 
superconformal invariance provided and S transform as the weight-zero and weight- 
one arctic multiplets, respectively, with the latter transformation law given by eq. ( ]A.2p 
with n = 1. 

It is of interest to analyze the superconformal properties of the auxiliary field equations 
fl2.20p . In complete analogy with the case H = 1 [3ll [9] , these equations imply that 

m)--=CH^^^^^ (3.12) 
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has no poles in ( and therefore can be represented by a Taylor series 

oo 

fi/(C) = Yl ^"^-^ • (3.13) 

n=0 

This superfield becomes an arctic multiplet on the full mass shell when the equations of 
motion for $^ and are imposed as well. 

Let us promote the superfields H, T and T in fl3.12p to A/" = 2 projective superfields. 
Then, using the transformation laws fl3.5ap and (I3.5bl) . we observe that the composite 
fl3.12p transforms as 

6nj = -(e + A++(C)9^■)^^, -2S(C)l^/ . (3.14) 

It is a simple exercise to check that this transformation law preserves the functional form 
of Qj given in fl3.13p . Therefore, the auxiliary field equations fl2.20p . or equivalently 
fl3.13p . are J\f = 2 superconformal. On the full mass shell, eq. 03.141) tells us that Qj is a 
weight-two superconformal arctic multiplet. 

We wish to convert the algebraic auxiliary field equations (I2.20p into an equivalent 
second-order ordinary differential equation obeyed by with ( the evolution param- 

eter. This is certainly possible in the case H = 1, as has been shown in for the 

Hermitian symmetric spaces, and in [25j for general Kahler spaces. In the case of an 
arbitrary M = 2 tensor multiplet H{(), let us proceed to derive such an equation for a 
simplest Kahler potential. 



3.2 Quadratic Kahler potential 

The auxiliary field equations fl2.20p can be explicitly solved in the case of a flat Kahler 
target space described by the potentialfl 

j^($, $) = $t$ = _ (^3 15) 

Then, using eq. fl2.9p we find 

HR{T, t) = i7(C)t^"(C)T^(C) = liG + e)f ^"(C)T^(C) , (3.16) 



where 



n=0 



^Our consideration can be trivially generalized to the case of an indefinite metric in (j3.15p . Sj j rjjj. 
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The new superfields, are not arctic, for the components 

obey a modified hnear constraint. The new auxihary superfields T2, T3, . . . , can be 
immediately eliminated. As a result, the Lagrangian corresponding to the hypermultiplet 
action (12. 3p with K = ^ becomes 

4(G H- e){* V - (£'- - ^ *'-) (e' - ^ *') } ■ 

In terms of the Kahler potential ^($,<l>), this Lagrangian can equivalently be rewritten 
in the form: 

£h = G^+^^iE^ + ~ ^('^ + ^)^iJ^^^^ ■ (3-20) 

Let T^((^) denote the unique solution to the algebraic auxiliary field equations under 
the initial conditions (12.211) . It has the form 

T:(C) = $' + Y^S^ (3.21) 

where 

It is further a solution to the following differential equation: 

^!l^-2^^- (3 23) 

dc^ 'i-AC dc ^'-''^ 

It is instructive to check that equation (I3.23P is superconformal. Introduce the follow- 
ing superfield: 

, d2T^(C) A dT^(C) 

We are going to demonstrate that its superconformal transformation is 

= - (^^ + A++ 9c + 2 (9f A++) ) . (3.25) 

Using eq. (I3.5bp gives 

AjT^ = + A++ac+ (9cA++))A5T^ , (3.26a) 

^5T^ = -(e + A++9c + 2(9cA++))^5T^- (9?A+-^)A5T^ . (3.26b) 

11 



Next, making use of eq. fl3.5ap allows us to read off the superconformal transformations 
of the components of H{(): 

SG = -^G - 2{a + a)G + 2A^^ + 2\^^ , (3.27a) 
Sip = -^ip - 2{a + a)ip - X^G - 2X^ip , (3.27b) 
= -^ip - 2{a + a)^ - X^G + 2\^ip . (3.27c) 

These results immediately lead to 

SM = -^H - 2{a + a)H , (3.28) 

as well as to 

5 A = -^A - - 2X^A - X^A^ , 6A = -^A - X^ + 2X^A - X^{Af . (3.29) 
Making use of the results obtained, we check that 

(a?,..) + {,.^0, + (acA-)}^ + 1^ ^ . (3.30) 

The above identities indeed justify the superconformal transformation law fl3.25p . and 
hence the fact that the differential equation (13.231) is superconformal. 

It should be pointed out that the hypermultiplet model (12. 3p with Kahler potential 
(I3.15P possesses a dual off-shell formulation obtained by dualizing eaclj§ polar multiplet, 

and T^, into a real 0{2) multiplet t]^ , with I = 1, . . . ,nHlzl The dual formulation is 
described by the following Af = 2 superconformal action: 

6H,duai = -iPr- fd'xd'e'^. (3.31) 



27riC J 2H 

Of the global U^nn) symmetry of the original hypermultiplet action, only its subgroup 
0(?2h) is manifestly realized in the dual formulation, while the other symmetries emerge 
as duality transformations. In the same vein, of the 2nH Abelian symmetries 

SH{C) = , 5T^(C) = = const (3.32) 

of the original hypermultiplet model, only nn (Peccei-Quinn-type) symmetries are mani- 
festly realized in the dual formulation: 

SH{C) = , 67]'{C) = H{C) a\ ='J = const . (3.33) 

Modulo sign, the sigma model (13.310 with nn = 1 is known to define the hyperkahler cone 
corresponding to the classical universal hypermultiplet [36| [T5]. 



^The other option is to dualize only a subset of the nn polar multiplets. 

^As is well-known [5S], this is possible only if the model possesses an isometry so that it does not 
depend on the phase of T. 
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3.3 Modified geodesic equation 



If the Kahler space is not flat, the differential equation fl3.23p is no- longer equivalent 
to the auxiliary field equations fl2.20p . Guided by the experience gained in the case H = 1 
[311 EHl Ell ES] we should look for a generalization of eq. f l3.23p of the form: 



= , (3.34) 

where 

n-^n'.rV(T(C).*)^^^.... 

- ^-T^^-'^'^-(-(0^*)^^-n', 

Here the term containing the Christoffel symbol T^j^ is required to ensure the correct 
transformation of 11'^ under holomorphic reparametrizations f l2.17p . It can be argued that 
the last term in (13.350 must depend on the Kahler potential only via the corresponding 
Kahler metric, the Riemann tensor and its covariant derivatives. The superfield 11^ should 
be chosen such that 

(i) in the case when H = 1 and the Kahler manifold A^^" is Hermitian symmetric, 
eq. (I3.34P should reduce to the geodesic equation (16.2^ : 

(ii) the Af = 2 superconformal transformation of 11^ should be 

6n^ = - (^^ + \++d^ + 2 (a^A++) ) . (3.36) 

It turns out that the above requirements allow one, in principle, to reconstruct AII^ 
in (I3.35P step by step in perturbation theory. As a first step, varying the right-hand side 
of (13.351) gives 

sn^ = + A++5c + 2(9cA++))n^ 

-A^ W(t(C), $) + . . . (3.37) 

To derive this and some other relations below, one has to use the superconformal trans- 
formations of $, S and their conjugates: 

5$^ = - A^S^ , (3.38a) 

5$^" = -^<|^" - AiiS^' , (3.38b) 

(5E^ = -eS^ + 2A^S^ - A^T^ , (3.38c) 

= -^S^" - 2X^i:^ - X^ti . (3.38d) 
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These relations follow from fl3.5bp . In fl3.38cp and fl3.38dl) . and its conjugate should be 
expressed in terms of the physical superfields and their conjugates, in accordance 

with fl3:3D . 

To cancel the variation in the second line of 03.371) . it can be shown that the last term 
in fl3.35p should have the form: 

An^ = --^ Rjlk' {rio, $) + o(/^^ vr) . (3.39) 

Here 0{R^, VR) denotes terms of second and higher orders in the target space curvature, 
or terms containing covariant derivatives of the target space curvature. 



3.4 Leading contributions to the hypermultiplet Lagrangian 

The results obtained in the previous subsection allow us to restore several leading 
terms in the hypermultiplet Lagrangian Lh(G', (p, if, $, S, S) appearing in (12.221) . Upon 
elimination of the auxiliary superfields, we find 

Ti = AS^ - \t^jk^V + Rj-^^^ S-^S^S^ + O(S^) , (3.40) 

where O(S^) denotes all the terms of fourth and higher powers in E and E. 

We now project the djTiamical superfields to A/" = 1 superspace and consider only the 
second Q-supersymmetry transformation [28| |8] : 

5ip = TDG , (3.41a) 

6G = = -eD^~7Dip , (3.41b) 

5$^ = iDE^, (3.41c) 

(5E^ = -eD$^ +iDT^ , (3.41d) 

where T2 has to be expressed in terms of the dynamical superfields as in f l3.40p . These 
transformations follow from the relations flA.13ap . flA.13bp and flA.16al) . flA.16bl) by setting 
= = const. Requiring the hypermultiplet action to possess this invariance, and also 
taking into account the fact that 

Lh(G, ^, ^, <!, E, E) = G + 0(E) , 

one can show that 

Lu = GK + <^KjJ:^ + <^K0 ~ + ^)9iJ^^^'^~ + ^(^^) • (3-42) 



14 



It can readily be seen that the first three terms generate Kahler-invariant contributions to 
the action. The other terms in Lh prove to involve the Kahler potential ony in the form 
of the Kahler metric gjj, the corresponding Riemann curvature RjJkl its covariant 
derivatives. 



4 Complex projective space 

If the Kahler potential K{^, $) in (12.31) corresponds to a generic Kahler manifold, 
it is not possible to obtain a closed-form expression for the modified geodesic equa- 
tion fl3.34|3.35l) which is equivalent to the auxiliary field equations f l2.20p . In the non- 
superconformal case H = 1, this equation is known exactly for arbitrary Hermitian sym- 
metric spaces |3H|35] and is given by eq. flB.2l) . Its extension to the superconformal case is 
quite nontrivial, due to the presence of an infinite number of curvature-dependent terms in 
fl3.35p . At the moment, we are not able to derive the equation (13. 34113. 35p even for arbitrary 
Hermitian symmetric spaces. However, below we will work out explicitly one important 
example - the complex projective space = CP"" = SU^rin + l)/SU{nii) x f/(l). We 
believe our consideration for CP"" can naturally be generalized to the case of arbitrary 
Hermitian symmetric spaces. 

Using standard inhomogeneous coordinates for CP"", the Kahler potential^ and the 
metric are 

K{<^, $) = In 1 + , gjj{<!>, $) = - , (4.1) 

where I, J = 1, . . . , nn and = const. The Riemann curvature of CP"" is known to be 

This implies 

E'^E^'^E'^ Rj^j^.^j^ = -Ig.^j^E'^m^ , (4.3) 

where 

|S|2:=^,j($,$)S^S^ (4.4) 

As before, let T*(^) = T*(^; $, $, S, S) denote the unique solution of the auxiliary 
field equations (I2.20p subject to the initial conditions (12. 21 p . Then, the action (12. ip can 

^Modulo an irrelevant constant, the Kahler potential K{^, $) reduces to p.lSp in the limit r ^ oo. 
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be brought to the form fl2.22p . for some Lagrangian L^. Instead of looking directly for 
T^{(), we will try to determine the Lagrangian Lh by making use of considerations based 
on extended super symmetry, as a generalization of the approaches developed earlier in 
[381 [39] for the non-superconformal case H = 1. 

For Lh we choose an ansatz of the form: 

oo 

L{G, ip, ^, $, $, S, S) = = ^ , L„ = L^{G, ^, ^) , (4.5) 

n=l 

where the first three terms in the expression for Lh agree with (13.421) . The general 
structure of L given follows from the fact (14.41) is the only independent f/(?2)-invariant 
that may be constructed in terms of Ss and Ss. At the moment, we only know that 

Li = -^(G + H). (4.6) 

Our goal is to determine the other Taylor coefficients in (14.51) . L2, L3, . . . , using extended 
sup er symmet ry. 

Our strategy below will consist in trying to determine L(|Sp) by requiring the action 
Sn = y"d^xd^^LH(G,(/.,(^,<l>,l>,S,S) (4.7) 



to be invariant under the second Q-supersymmetry transformation (I3.41al - I3.41dp . with 
T2 currently an unknown function of the physical superfields which has to be determined. 
We choose the following ansatz for Tg: 



00 

^^2 = -^^JK^'^"" + ^ CJSP" , Cn = Cn{G, if, ^) . (4.^ 

n=0 

At the moment, we only know that 



in accordance with (13.401) . Our goal is to determine the other Taylor coefficients in (14.81) . 
Ci, C2, . . . , using extended supersymmetry. 

Let us vary the action with respect to the second Q-supersymmetry transformation 
(I3.41al - I3.41dl) , keep the e-dependent terms only, and analyze what conditions are nec- 
essary for Su to be invariant. The variation ^^S'h involves two types of terms containing 



16 



even and odd powers of Es and Ss respectively. The requirement that all even terms 
vanish can be shown to tbe equivalent to the following two conditions: 



n-l 



- fc)cfcL„_fc = , n>2 (4.10) 



A;=0 

n 1 " 

S^Ln + ^kLkeDcn-k ^k{n- k)eD[LkCn-k) = . (4.11) 

k=l k=l 

The requirement that all odd terms vanish can be shown to be equivalent to the following 
condition: 

Ti 

{n + l)L„,+i = — Ln - (fCn , n > 1 . (4.12) 

Before continuing the general analysis, let us briefly pause and make a simple check 
of equation (14. lip , by considering the choice n = 1, that is 

(5,-Li + LieDco = . (4.13) 

Since 

6,{G + M) = -{G + m)7DA , (4. 14) 

the relations (14. 6 p and (14. 9 p imply that (14.130 is identically satisfied. 

Using the relations (l4.1Up and (14.121) . we can derive a recursion relation to determine 
the coefficients L„. It is 

^ n— 2 ^ n— 1 

Ln = ^1 - k){k + l)Ln-kLk+i - ^ - k)kLn-kLk^ , n > 3 . (4.15) 

k=l k=l 

For n = 2, only the second term on the right contributes, hence 

1 2 1 {G + Mf 

Making use of eq. (I4.15P allows one to obtain an algebraic equation obeyed by 

oo 

L'{x) = J]nL„x"-^ . 

n=l 

The equation is 

(1 - x/r^) [L'{x)f + GL'{x) - ^(tf - G') = . (4.17) 
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We have to choose the following solution of the quadratic equation obtained: 

for it possesses the right functional form in the limit M. ^ G. Now, the problem of 
computing L{x) amounts to doing an ordinary integral. The result is as follows: 

L{x) = -r^jn - G In (G + H) I + r^^G^ + (H2 - G2)(l - |S|2/r2) 

+r^G In^ - i"i / • _ uig) 



1 - 


|S|2/r2 


v/G2 + (H2-G2)(l- 


|S|2/r2) + G 



It can be seen that 

lim Ux) = G In f 1 - 4) (4-20) 

H^G V r2/ 

which agrees with [351 HQI [371 [38] . 

Using the relations fl4.12p . we can now compute all the coefficients c^, and hence the 
function c{x) appearing in (14. 8p . The latter is 

°° -1/2 

dx) := y c„x" = 2(p , -xjr ^ ^ 

VG'' + (e2-G2)(l-x/r2)+G 

So far we have determined L{x) and c(x) by using the relations (l4.1Up and (I4.12p . It 
still remains to be checked that eq. (14. lip is also satisfied. Instead of enjoying such an 
exercise, we choose a different course. 

In accordance with (14.190 . upon elimination of the auxiliary superfields, the hyper- 
multiplet Lagrangian is 

Lh = Gir($,l>) + v2i^/($,l>)S^ + (^is:j-(<l>,$)S'^'-r2|H-Gln(G + H)| (4.22) 

y ^JG^ + A(^(^{l-\i:\^/r^)+G 
Consider the second Q-supersymmetry transformation (I3.41al[3.41dp . where 

2 VG2 + 4^y;(l- |S|2/r2) + G 

It is an instructive, albeit time consuming, exercise to check explicitly that the action 
(14. 7p . with Lh given by (I4.22p . is invariant under this transformation. This implies that 
all of the equations (14. lip are identically satisfied. 
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One can readily check that the action fl4.7l) generated by the Lagrangian Lh, eq. 
f l4.22p . is invariant under the M = 1 superconformal transformation (lA.12p . (]A.15|) and 



the shadow chiral rotation (]A.14|) . (]A.17p . where n should be set to zero for both transfor- 
mations. We leave it as an exercise for the reader to check that the action is also invariant 
under arbitrary extended superconformal transformations (IA.13ap . (lA.13b|) with n = 
and flA.lGal) . flA.16bD . 

The hypermultiplet model fl4.7l) . with Lh given by fl4.22p . possesses a dual formulation 
obtained by dualizing the complex linear tangent variables S'^ and their conjugates 
into chiral one-forms \1'/ and their conjugates D^^^i = 0. As usual, one first replaces 
the action with a first order one, 

S = j dVd^^|LH(G',(/^,(^,$,<l,S,S) + + , (4.24) 

where and E"^ are chosen to be complex unconstrained. Next, one eliminates these 
superfields with the aid of their algebraic equations of motions, ending up with the dual 
Lagrangian: 

^(duai) _ G'i^($,$) -r^je-G In (6- + e) I (4.25) 
+ + 4|^ + ipVK\'^/r^ - G In (^y^IP + 4|^ + ip\/K\^/r^ + ^) } ' 

where 

1^ + ipVK\^ := g^^i^^i + vKi{^, $)) (^^j + ^Kj-{^, $)) . (4.26) 

Under the Kahler transformation fl2.13p . the chiral one- form \E'/ changes as 

^/ — > ^^i-ipFii^), (4.27) 

and this transformation is clearly consistent with the chirality of \E'7. In the limit G = 1 
and (p = 0, the Lagrangian (I4.25p reduces to the hyperkahler potential for the cotangent 
bundle of CP"^ [H], see [281 HO] and references therein for alternative super symmetric 
techniques to derive the Calabi metric. 

To conclude this section, we should mention that the above consideration for the 
complex projective space = SU^riu + l) / SU {nn) x f/(l) can be immediately generalized 
to the non-compact space SU {riu, 1) / SU^rin) x f/(l) characterized by the Kahler potential 

K{^, $) = -r^ In (^1 - . (4.28) 



This generalization amounts to replacing everywhere — > —r 



2 



19 



5 Discussion 



In section 4, we studied the dynamical system (12.11) for the case when the Kahler 
potential has the form (14. ip and corresponds to CP"". Some aspects of this theory are 
more transparent within its dual formulation fl2.10p in which the action, modulo a trivial 
rescaling of T^, is 

5duai = «:^^ jd'xd'OEEil + T'rr , m:='^. (5.1) 

This formulation is useful to see that the parameter m should be an integer (compare with 
[3]). It is suficient to consider the case of CP^. Then T is the inhomogeneous complex 
coordinate in one of the two standard charts for CP^ = C U {oo}, say in the chart C. Let 
T' be the complex coordinate in the second chart, C* U {oo}, with C* := C — {0}, such 
that the transition function is T' = 1/T. Of course, the action (15. ip for CP^ should be 
well-defined in both charts. In the second chart, it reads 



j ^ j d^xd^e^"^' [l + TT')'^ , S' = ST™. (5.2) 



In order for the compensator S' to be well-defined on C*, the parameter m should be an 
integer. In the general case of CP""^ similar arguments show that the varibles T^ and S 
parametrize a holomorphic line bundle over CP"". 

More generally, the arctic variables T"^ and S in the model (I2.10p should parametrize 
a holomorphic line bundle over a Kahler-Hodge manifold A^^" with Kahler potential 

K(<l>, $) = -/s:(<l', $) , (5.3) 

K 

in order for the action to be well-defined. To justify this claim, it suffices to reiterate the 
discussion of Kahler-Hodge geometry given in [42] (see also [13] for a recent review). Let 
uj = iddM. be the Kahler two-form of A1^". The Kahler manifold is Hodge if uj/2'k G 
if2(A<^H,Z), where H^iMK"",^) denotes the second cohomolo gy group of with 
integer coefficients. Then, one can associate with uj a holomorphic line bundle with 
connection for which u is the field strength. The Kahler potential K can be chosen such 
that h := e''^ is a Hermitian fiber metric on the line bundle, = hxx- Given a 

nowhere vanishing local section x of the line bundle, the Kahler potential can be given, 
in accordance with [42j, as K = ln||xp. This geometric picture extends to the M = 2 
supersymmetric case by replacing $^ — > and x — H. The crucial point is that the 
action (12.101) is globally well-defined in spite of the fact that the Lagrangian is given in 
terms of local data. 
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Our discussion above shows that the dual formulation f|2.10p with arctic compensator 
requires Kahler- Hodge geometry. An interesting question is: Can we see the same geome- 
try within the formulation (12.11) with tensor compensator? The answer is "Yes" provided 
the action (12. ip is rewritten in the following equivalent form: 



S[H{0,T{0] = K J d^xd'OHln . (5.4) 

Here S(C) is a weight-one arctic multiplet, and S(C) its smile-conjugate. These multiplets 
are purely gauge degrees of freedom, for (15.40 is invariant under gauge transformations of 
the form: 

H E' = e^E, (5.5) 

with p an arbitrary weight-zero arctic multiplet. The gauge invariance follows from the 
identity 

j> j d^xd^OH p = Q . (5.6) 

Unlike the original action (12. ip . its reformulation (15.40 is manifestly M = 2 superconfor- 
malj^ The arctic variables and S in (15. 4p parametrize the holomorphic line bundle 
over A^^" introduced earlier. 

It should be pointed out that no quantization condition occurs in the case of non- 
conformal Af = 2 sigma model (12.190 . The Kahler potential in (I2.19p is required to be 
real analytic but is otherwise arbitrary. The point is that the component Lagrangian can 
be defined as (compare with 

^component = ^ ^ K (T, t) = -D' f K {T , f) , (5.7) 

and it is manifestly invariant under Kahler transformation (12.140 . 

Let us return to the case A^^" = CP"^^ discussed at the beginning of this section. As 
follows from (15. ip . the choice 

= K (5.8) 

corresponds to a free theory, and this property should also be seen within the original 
model (12. ip . Indeed, for this particular choice of parameters the fourth term in the ex- 
pression (14.220 for Lh (or the second term in the expression (14.250 for the dual Lagrangian 



The action (|5.4p is the rigid superspace version of a locally supersymmetric action introduced in [21] . 
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Lj^^^ ) cancels against kLt, with Lt the tensor multiplet Lagrangian, eq. (12. 70 . Now, in 
the theory with Lagrangian 

r^Lx + lS?"''^^ = g| In (l + ^$^$) - In (^^/WTM^TWWJr^ + g)} 

+ rVff + + <^Vir|Vr2 , (5.9) 

one can exphcitly duahze the real linear superfield G into a chiral scalar x and its conju- 
gate. Modulo a field redefinition, the action obtained describes nn + l free hypermultiplets. 
Thus, in spite of the fact that the above Lagrangian is nonlinear, it generates free dynam- 
ics. This is analogous to the situation with the improved tensor multiplet (12.71) described 
in detail in [28] . 

In our analysis of the modified geodesic equation in section 3, we started with the 
simplest case of a fiat Kahler target space characterized by the Kahler potential (13.151) . 
This case is actually interesting on its own. As mentioned at the end of subsection 13.21 
the polar multiplets and can be dualized into real 0{2) multiplets t]^ such that 
the resulting hypermultiplet action is given by (I3.3ip . This action for nn = 1 provides 
the projective superspace description jT5] for the classical universal hypermultiplet ^5] . 
Combining this action with the tensor multiplet sector in (12. ip . we obtain a theory of two 
tensor multiplets with Lagrangian 

£uHM = -«i^lni/-^^ (5.10) 

Z £1 

which is (modulo sign) the projective superspace description [16] (see also [17]) of the 
one-loop corrected universal hypermultiplet [48j . 

There are various interesting problems that can be addressed building on the results of 
this paper. In particular, it is of interest to extend the analysis for the complex projective 
space given in section 4 to the case of arbitrary Hermitian symmetric spaces. This should 
include the derivation of closed-form expressions for the modified geodesic equation and 
the hypermultiplet action Sh. Such expressions are actually known if we set = and 
keep only the real linear superfield G of the tensor multiplet H{Q. Then, the auxiliary 
field equations (I2.20p reduce to those corresponding to the non-superconformal model 
(I2.19p . The latter are equivalent, if Ai is Hermitian symmetric, to the geodesic equation 
flB.2p . As to the hypermultiplet action Su, it is obtained by inserting G into the integrand 
of flB.3p . The real challenge, however, is to extend these simple results, corresponding to 
the special case H = G,to the general tensor multiplet (12. 4p . In the supergravity context, 
the local SU(2) invariance allows one to choose the gauge H = G, see [19] for a related 
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discussion. But for the rigid superconformal sigma models under consideration, we have 
at our disposal only rigid SU(2) transformations that cannot be used to choose the gauge 
ip = (compare with [19] where such a gauge condition was nevertheless employed). 

In conclusion, we mention that our results can be used to study the dynamics of a 
family of nonlinear sigma models in A/" = 2 anti-de Sitter superspace proposed in [50] . 
Such sigma models are described by the action (12. 3p in which H is a background tensor 
multiplet containing all the information about the anti-de Sitter supergeometry. 
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A N = 2 superconformal transformations and their 
realization in N = 1 superspace 

General 4D M = 2 superconformal projective multiplets and their superconformal 
couplings were described in detaiS in [25], building on the earlier equivalent results in 
five dimensions [5T]. Here we list the M = 2 superconformal transformations of several 
off-shell supermultiplets and their relization in A/" = 1 superspace following [25j . 

Let T["]((^) be an arctic weight-n multiplet, 

oo 

tW(c) = ^t„c. (A.l) 

n=0 

Its AT = 2 superconformal transformation is as follows: 

= -(i + A++(C)9^)t["1 -nS(C)T["] . (A.2) 

The smile-conjugate of T^^\C,) is the weight-n antarctic multiplet denoted as T^'^\C,). Its 
superconformal transformation is 

5tW = -^{i + A++(C)9c)(C" t["l) -nS(C)TM . (A.3) 

Superconformal 0{n) multiplets and their couplings were also studied in [52l [53], however their 
analysis was restricted to deriving the conditions for invariance under the SU(2) transformations and 
dilations. Unlike the more general analysis presented in [25], no results were given in |52l[53] for the most 
interesting superconformal projective multiplets - the polar and tropical multiplets. 
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In the case n = 0, these transformations reduce to fl3.5bl) . 

As shown in [25], the transformation of A/" = 2 supermultiplets associated with the 
M = 2 superconformal Kilhng vector ^ generates three types of transformations at the 
level of A/" = 1 superfields. They are: 

1. An arbitrary M = 1 superconformal transformation generated by 

$.=l = eda + eD^ + l^D^ (A.4) 

such that 

[I , D^] = LjjDp + (o- - 2d-) , (A.5) 

see [23] for more detail. The components of $, and their descendants uj^^ and cr correspond 
to the following choice of the M = 2 parameters: 

e|=^, u;/|=a;/, a\ = a , \^}\ = a-a, \^\=Q. (A.6) 

2. An extended superconformal transformation generated by 

= ^1 = = , \2}\ = A^l = -^^Va • (A.7) 

3. A shadow chiral rotation. This is a phase transformation of 62 only, with kept 
unchanged, and it corresponds to the choice 

C|=0, cu/|=A2-|=0, a| = Ai^l = -a| = -^a . (A.8) 



The spinor parameter in flA.7p can be shown to obey the equations 



D.y = , D^yf'> = , (A.9) 

and the latter imply 

There are several ordinary (component) transformations generated by the chiral spinor 



in (1A.7I1 : (i) second Q-supersymmetry transformation (e"); (ii) off-diagonal SU(2)- 
transformation (/ = A— |6i=o); (hi) second S-supersymmetry transformation [f]^- They 
emerge as follows: 

p"(a;(+),e) = e" + /r-ir/.a;f°) , (A.ll) 



with the chiral extension of x"". 
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Consider the arctic weight-n multiplet T["'((^). Its Af = 2 superconformal transforma- 
tion law (]A.2p generates the following A/" = 1 variations of the component superfields: 

1. the Af = 1 superconformal transformation 

(5Tfc = -CTfc - 2A;(d- - <T)Tfc - 2no-Tfc ; (A.12) 

2. the extended superconformal transformation 

5To = p.5"Ti + i(D.p^)Ti, (A.13a) 

— • T) 

5Ti = -p°Z)„To + D^{p^T,) - -{Dy^)To , (A. 13b) 



k+l 



+l{k-n- l)(D>,)Tfe_i + l{k + l)(D.p")Tfc+i , k > 1 ; (A.lSc) 
3. the shadow chiral rotation 

6T, = ia{k--)Tk . (A.14) 

Choosing n = in the above relations, one obtains the transformations of the dynamical 
superfields $ := To and S := Ti of the weight-zero arctic multiplet T. 

Consider the tensor multiplet H{(), eq. (12 ■4p . Its A/" = 2 superconformal trans- 
formation law f l3.5ap generates the following A/" = 1 transformations of the component 
superfields: 

1. the Af = 1 superconformal transformation 

6ip = -^^ - 4(Tip , 5G = -iG - 2{(T + a)G ■ (A.15) 

2. the extended superconformal transformation 

5^ = p.5^G + i(D.p")G, (A.16a) 

6G = -p'^D^^ - p^D^^ - ((/^>„)<^ + (5iP")<^) ; (A. 16b) 

3. the shadow chiral rotation 

5^ = -iaip, 5G = 0. (A.17) 



B Supersymmetric sigma models on tangent bundles 
of Hermitian symmetric spaces 

This appendix contains a summary of several results obtained in a series of papers 
[3H [35l HOl [371 ES [39] devoted to the study of A/" = 2 supersymmetric sigma models of 
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the form fl2.19p . where K{^, $) is the Kahler potential of a Hermitian symmetric space, 
and therefore the corresponding curvature tensor is covariantly constant, 

In such a model, the auxiliary field equations are equivalent to the geodesic equation with 
complex evolution parameter 



Upon elimination of the auxiliary superfields, the action fl2.19l) can be shown to take the 
form p]: 

S[T.(C)l=/d^:.d«9{;r(*.*)-iE-<,!!ii^i|££lE}. S-fg!). (B.3) 

where 

and 

\9ij J 

Here T^,(C) denotes the unique solution of equation flB.2p under the initial conditions 
fl2.2ip . A different universal representation for the action S'[T*((^)] can be found in |38j . 
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